ABSTRACT. This paper begins with new definitions for double sequence spaces. These new definitions are constructed, in general, by combining modulus function and nonnegative four-dimensional matrix. We use these definitions to establish inclusion theorems between various sequence spaces such as: If A = (a m,n,k,l ) be a nonnegative four-dimensional matrix such that 
Introduction and background
The class of sequences which are strongly Cesàro summable with respect to a modulus was introduced by Maddox [4] as an extension of the definition of strongly Cesàro summable sequences. Connor [2] further extended this notion to strong A-summability with respect to a modulus where A = (a n,k ) is a nonnegative regular matrix. Using this definition Connor established connections between strong A-summability, strong A-summability with respect to a modulus, and A-statistical convergence. In 1900 Pringsheim presented a definition for convergence of double sequences in [6] . Following Pringshiem work, Hamilton and Robison in [3] and [7] , respectively, presented a series of necessary and/or sufficient conditions on the entries of A = (a m,n,k,l ) that ensure the preservation of Pringsheim type convergence on the following transformation of double a m,n,k,l x k,l . Throughout this paper the four dimensional matrices and double sequences are of real-valued entries unless specified otherwise. The goals of this paper include the extension of some of the fundamental theorems of ordinary (single) summability theory to multi-dimensional summability theory. These extension begins with the presentation of the following sequence spaces:
where f is a modulus function and A is a nonnegative four dimensional matrix.
Definitions and preliminaries
Let s denote the set of all double sequences of complex numbers. By convergence of a double sequence we shall mean the convergence in the Pringsheim sense, that is, a double sequence x = [x k,l ] has Pringsheim limit L (denoted by P-lim x = L) provided that given ε > 0 there exists N ∈ N such that |x k,l − L| < ε whenever k, l > N ( [6] ). We shall also describe such an x more briefly as P-convergent. We shall denote the space of all P-convergent sequences by c 2 .
Ruckle and Maddox in [8] and [4] , respectively, presented the following definition:
for all x ≥ 0 and y ≥ 0, (3) f is increasing, and (4) f is continuous from the right of 0.
Throughout this paper we shall examine our sequence spaces using the following transformation: DOUBLE SEQUENCE SPACES DEFINED BY A MODULUS Ò Ø ÓÒ 2.2º Let A = (a m,n,k,l ) denote a four dimensional summability method that maps the complex double sequences x into the double sequence Ax where the mnth term to Ax is as follows:
Ò Ø ÓÒ 2.3º Let f be a modulus and A = (a m,n,k,l ) be a nonnegative four dimensional matrix of real entries with sup
If f (x) = x then the sequence spaces reduce to the following:
By specifying A and f the spaces in Definition 2.3 reduce to some well-known sequence spaces. For example, if A = (C, 1, 1) the sequence spaces become ω (f ), ω 0 (f ), and ω ∞ (f ) which are as follows:
As a final illustration, if we take A = (C, 1, 1) and f (x) = x, we obtain the following spaces:
Main results
In this section we shall establish the main properties of the sequence spaces in Definition 2.3.
The proof is obvious, and as of such, it is omitted.
P r o o f. We shall establish the first inclusion, the second inclusion is clear. Let x ∈ ω (A, f ). Then by conditions (2) and (3) of the modulus function we are granted the following:
Also observe that there exists an integer M l such that |L| ≤ M l . Thus, we have
a m,n,k,l < ∞ and x ∈ ω (A, f ), we are granted that x ∈ ω ∞ (A, f ) and this completes the proof.
P r o o f. The first two inclusions are easily proved. Thus, we will only establish the last inclusion. Let x ∈ ω ∞ (A), such that sup
ε > 0 and choose δ with 0 < δ < 1 such that f (t) < ε for 0 ≤ t ≤ δ. Let us consider the following equality
The properties of f grant us the following:
For |x k,l | > δ and the fact that
where [t] denoted the integer part of t and from conditions (2) and (3) of the modulus function we have
The last inequality and (3.1) yields the following: 
whence x ∈ ω (A). This completes the proof. 
Ì ÓÖ Ñ 3.5º If A = (a m,n,k,l ) has only positive entries and B = (b m,n,k,l ) be a nonnegative matrix such that
b m,n,k,l a m,n,k,l is bounded then ω ∞ (A, f ) ⊂ ω ∞ (B, f ).g(x) = sup m,n ∞,∞ k,l=0,0 a m,n,k,l f (|x k,l |).
P r o o f. From the statements above the result for ω 0 (A, f ) is clear. Let us consider ω (A, f ). From Theorem 3.2 for each x ∈ ω (A, f ), g(x) exists. Clearly g(θ) = 0, g(−x) = g(x), and g(x + y) ≤ g(x) + g(y)
. We now show that the scalar multiplication is continuous. First observe the following:
where [|λ|] denotes the integer part of |λ|. In addition observe that x and λ → 0 implies g(λx) → 0. For fixed λ, if x approaches 0 then g(λx) approaches 0. We need to show that for fixed x, λ approaches 0 implies g(λx) approaches 0. Let x ∈ ω (A, f ) this implies that
Let ε > 0 and choose N such that
for m, n > N . Also, for each (m, n) with 1 ≤ m, n ≤ N , since
there exists an integer M m,n such that
We have for each (m, n)
Also from (3.2), for m, n > N we have
Thus M is an integer independent of (m, n) such that
Further for |λ| < 1 and for all (m, n)
For each (m, n) and by the continuity of f as λ → 0 we have the following:
In the same manner we are granted
and
It follows from (3.3) through (3.7) that
Thus g(λx) approaches 0 as λ approaches 0. Therefore ω 0 (A, f ) is a paranormed linear topological space. Now let us show that ω 0 (A, f ) is complete with respect
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to its paranorm topologies. Let (x s k.l ) be a Cauchy sequence in ω 0 (A, f ). Then, we write g(x s − x t ) → 0 as s, t → ∞, to mean, as s, t → ∞ for all (m, n),
Thus for each fixed k and l as s, t → ∞, since A = (a m,n,k,l ) is nonnegative, we are granted f (|x 
for all (m, n). Since for any fixed natural number M we have form (3.9)
for all (m, n), by letting t → ∞ in the above expression we obtain
Since M is arbitrary, by letting M → ∞ we obtain
as (m, n) → ∞, whence, from the fact that sup
as (m, n) → ∞, thus x ∈ ω (A, f ) and this completes the proof.
Recall that a double sequence is called bounded if there exists a positive number M such that |x j,k | < M for all j and k. The notion of regularity for two dimensional matrix transformations was presented by Silverman and Toeplitz in [9] and [10] , respectively. Following Silverman and Toeplitz, Robison and Hamilton presented the following four dimensional analog of regularity for double sequences in which they both added an additional assumption of boundedness. This assumption was made because a double sequence which is P-convergent is not necessarily bounded.
Ò Ø ÓÒ 3.1º The four dimensional matrix A is said to be RH-regular if it maps every bounded P-convergent sequence into a P-convergent sequence with the same P-limit.
In addition to this definition, Robison and Hamilton also presented the following Silverman-Toeplitz type multidimensional characterization of regularity in [3] and [7] : The proof of these theorems are omitted since they can be proved by using the techniques present by Connor in [2] .
7º The four dimensional matrix A is RH-regular if and only if

